Here we establish a global well-posedness of mild solutions to the threedimensional incompressible Navier-Stokes equations if the initial data are in the space X −1 defined by (1.3) and if the norms of the initial data in X −1 are bounded exactly by the viscosity coefficient µ.
The Result
The incompressible Navier-Stokes equations in R + × R 3 are:    ∂ t v + v · ∇v + ∇p = µ∆v, t > 0, x ∈ R 3 ,
where v is the velocity field of the fluid, p is the pressure and the constant µ is the viscosity. To solve the Navier-Stokes equations (1.1) in R + × R 3 , one assumes that the initial data v(0, x) = v 0 (x) (1.2) are divergent free and possess certain regularity. The global existence of weak solutions goes back to Leray [9] and Hopf [6] . The global well-posedness of strong solutions for small initial data is due to Fujita and Kato [4] (see also Chemin [2] ) in the Sobolev spacesḢ s , s ≥ should be noted, in all these works, that the norms in corresponding spaces of the initial data are assumed to be very small, say they are smaller than the viscosity coefficient µ multiplied by a tiny positive constant ǫ.
In this note, we shall prove a new global well-posedness result for the threedimensional incompressible Navier-Stokes equations. Our mild solutions will be in a scale-invariant function space which is natural with respect to the scalings of the Navier-Stokes equations. Moreover, we show that it is sufficient to assume the norms of the initial data to be less than the viscosity coefficient µ. The function space we will use here is
:
Here D ′ (R 3 ) represents the space of distributions and f represents the Fourier transform of f . The norm of X −1 will be denoted by · X −1 . We will also use the notation
The norm of X 1 is denoted by · X 1 .
Theorem 1.1. The three-dimensional incompressible Navier-Stokes equation (1.1) is well-posed globally in time for the initial data in X −1 satisfying
Let us remark that the space BMO −1 is the largest space which is included in the tempered distribution and translation and scaling invariant, (see, for instance, the paper by Chemin and Gallagher [3] ). Our space
Hence, by Theorem 1 in [8] , one has f ∈ BMO −1 . Let us also mention the classical example of the initial data given in [3] 
Due to Lemma 3.1 in [3] , it is easy to see that u ǫ 0 X −1 is uniformly bounded independent of ǫ.
It is not hard to see that if the initial data are in the Sobolev space H s , s > , then they are also in the space X −1 . However, this turns out to be false for s = . An easy counterexample is given as follows: Let f be a non-negative function in the Schwartz class S(R 3 ) which is supported in the set {ξ ∈ R 3 : 1 < |ξ| < 2}. Consider g which is defined by
It is clear that g ∈Ḣ 1 2 but
Proof of Theorem
Let ζ be the standard mollifier in
Consequently, by the standard local existence theory of the Navier-Stokes equations, there exists a unique local smooth solution v λ (t, x) on some time internal [0, T λ ). The associated pressure p λ is given by p λ = (R ⊗ R) : (v ⊗ v) with R being the Riesz operator (see, for instance, [5] ).
We need to derive an a priori estimate under the condition (1.4). First of all, it is easy to see that
and
(without uniform norms bound in λ). Next, let us take the Fourier transform of (1.1) to get
From (2.4), (2.2) and (2.3), we deduce that
By (1.4) and (2.2), we see that v λ (t) X −1 < µ at least for a very short time internal [0, δ] with 0 < δ < T λ . Consequently, on such a time internal, one has
A continuity argument in the time variable yields that
for all t ∈ [0, T λ ). We then apply (2.5) once more to derive that
As a bi-product of (2.6), one obtains that
The standard energy method ( [10] ) gives that
for all 0 ≤ t < T λ and all k > 0. The latter implies that T λ = ∞. Moreover, one has the uniform estimate for v λ :
under the condition (1.4).
The estimate (2.7) implies that there exists a subsequence of {v λ } (we will still denote it by {v λ }) such that, as λ → 0,
For the initial data, we note that
, and using the identity ζ(0) = ζ(x)dx = 1, one concludes that
To show the strong convergence of v λ , we proceed similarly as in (2.5) to calculate that
Combining the above with (2.7), we obtain that
The latter implies further that
Combining (2.10) and (2.11), we conclude that {v λ } is a Cauchy sequence in L ∞ (R + ; X −1 )∩ L 1 (R + ; X 1 ) and the convergence in (2.8) is a strong one. In fact, (2.11) also yields the uniqueness of solutions in the space
To get the further time regularity of v(t, x), we come back to the equation (2.4). We claim that ∂ t v λ 's are uniformly bounded in L 1 (R + ; X −1 ). Indeed, by (2.7), it is obvious that ∆v λ are uniformly bounded in L 1 (R + ; X −1 ). Moreover, as calculated in (2.5), one has
The pressures can be treated by the same way. We hence proved the claim
The latter allows us to improve (2.9) and to finally conclude
Remark 2.1. Let us remark that a similar estimate as (2.5) also implies a type of Beale-Kato-Majda's criterion of Navier-Stokes equations: if
then a smooth solution on [0, T ) can be extended to [0, T + δ) for some δ > 0. In fact, Here ǫ s > 0 is a small constant such that 2ǫ s | v 0 |dξ exp{2 T 0 | ω(ξ)|dξdt} < µ which implies 2ǫ s | v|dξ < µ. Then M s > 1 is chosen to be a large constant such that |ξ| s+1 ≤ ǫ s (1+|η| s+2 +|ξ−η| s+2 ) for |ξ| > M s . Consequently, one has v(t) C s < ∞. We emphasis that the bounds of v C s are only one exponential in terms of T 0 | ω(ξ)|dξdt.
